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Hall and Connor (Canad. J. Math. 6 (1954), 3541) give iff conditions for a 
residual design to be embeddable in a symmetrical design. This article gives the 
corresponding theorem and proof for derived designs and uses this theorem to com- 
plete a BIBD (15, 35, 14, 6, 5) (Hall, “Combinatorial Theory,” Ginn (Blaisdell), 
Boston, p. 295, #83; Rao, (SankhyH 23 (1961), 117-127). #62) to 13 non- 
isomorphic SBIBD(36, 15, 6)s. Several of these symmetric designs have the trivial 
automorphism group, and one of them provides an example of a SBIBD (36.2 1, 12) 
with a symmetric incidence matrix that has all OS on the diagonal. d? 1985 Academic 
Press. Inc. 
Given a SBIBD(u, k, A) we can always obtain two designs 
(u’, b’, 8, k’, A’) from it. The derioed design BIBD (k, v - 1, k - 1, I, 2 - 1 ), 
by deleting a given block and deleting all occurrences of objects not in that 
block from the other blocks, and the residual design BIBD (u - k, v - 1, k, 
k-1, A), by deleting a given block and deleting all occurrences of objects 
in that block from the other blocks [4, p. 1031. 
1. GENERAL CONDITIONS FOR EMBEDDING 
For residual designs we have the 
THEOREM (Hall and Connor). A design D with parameters satisfying 
r=k+& vJ=k(k+Ll), bE,=(k+Il)(k+L-1) can be embedded as a 
residual design in a symmetric design S = SBIBD (b + 1, r, A) = 
SBIBD (u + k + A, b + 1, r, k + A, A) $jf we can find in D sets of blocks 
Si, j= l,..., k + 23: 
(1) Each Si consists of k + 2 - 1 blocks of D. 
(2) The blocks of an Sj together contain each element of D 1 times. 
(3) Any two distinct sets Si, Si have exactly ;1- 1 blocks in common. 
(4) Any blocks of D is in preciseiy h sets Sj. 
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Furthermore, if two blocks B,, B, in D have I elements in common they must 
occur together in exactly J - 12 0 sets Sj. 
Inspection of the derived design parameters yields v’ = r’ + 1, k’ = 1’ + 1, 
v’r’ = b’(L’ + 1). The corresponding theorem for derived designs is 
THEOREM. A design D with parameters satisfying 
v=r+l, k=A+l, vr=b(;1+ 1) 
can be embedded as a derived design in a symmetric design S z 
SBIBD(b+ 1, r+ 1, A+ 1) iff we can find in D sets of blocks Sj, j= 
l,..., b - v + 13: 
(1) Each Sj consists of b - v blocks of D. 
(2) The blocks of Sj together contain each element r-k times. 
(3) Any two distinct sets Si, Sj have exactly b - 2v + k blocks in com- 
mon. 
(4) Any block of D is in precisely b - 2v + k + 1 sets Sj. 
Furthermore, if two blocks B,, B, in D have 1 elements in common, they 
must occur together in exactly (b - 20 + k + 1) - v + 2k - I sets Sj. 
Proof Let us adjoin to D new elements x1 ,..., xb- “+ 1 and a new block 
B, consisting of the v original elements. We adjoin the elements xj to all 
blocks not in Sj and to no other blocks. Then the new array contains b + 1 
blocks and v + b - v + 1 = b + 1 elements. The block B, contains v = r + 1 
elements, and by (4) we have adjoined exactly (b - v + 1) - 
(b - 2v + k + 1) = v -k new elements to each old block. Therefore, in S, 
each block contains v -k + k = r + 1 elements. Each old element appears in 
r + 1 blocks of S, and by (1) each new element appears in b - (b - v) = 
r + 1 blocks of S. Each pair of distinct elements di, dj of D occur together in 
D A times and once more in BO, giving A+ 1 altogether. By (2) each xi 
occurs together with di r - (r-k) = k = i + 1 times. By (3) any two distinct 
xj,xioccur together in b-(b-2v+k)-2(b-v-(b-2v+k))=k=L+ 1 
blocks. Finally, if B,, B, have 1 elements in common, there are 1+ 1 - 1 Sj 
which contain neither. Therefore, there are (b - v + 1) - (A + 1 - 1) - 
2(v - 2k + 1) = (b - 2v + k + 1) - v + 2k - 1 which contain both. Conversely, 
if we drop from a symmetric design S a block BO and all of the elements 
not in B, from the other blocks, it is easily verified that the blocks of S 
which do not contain a suppressed element xj form in the derived design D 
a set of blocks Sj, and the sets Sj have all of the above properties. 
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2. APPLICATION TO SBIBD (36, 15,6) 
We start with the BIBD (15, 35, 14, 6, 5) given in the first six positions of 
blocks l-35, Fig. 3 [Rao [7, No. 621, Hall [4, No. 821. According to the 
embedding theorem we need to find Sj, j= 1,21 3 each Sj contains 20 
blocks. Each element occurs 8 times in the blocks of each Sj, any two 
S,, Sj have 11 blocks in common, and every block must be in 12 Sj. 
Furthermore we have the table: 
Number of elements in common 4 3 2 1 
Number of Sj which contain both blocks 5 6 7 8 
Let D(i), i = 1, 35, be the 6-tuple given by the first 6 positions of block i, 
Fig. 3. First, we analyse the structure of a single Sj. Let xi = 1 if D(i) E S,, 
and xi = 0 otherwise. By (2) we obtain 15 equations: 




Eq. 13: x,+x,+x,+x,+x,4+x,g+x2,,+x21+x25+xq~ 
+x,8+x3,+x34+x35- -8 
and from (1) we obtain Eq. 16: C:l;, xi = 20. If we subtract Eq.cc from 
I:=, Eq. k, we obtain 3 CfI;, xi = 48 or x:l;, xi = 16. Subtracting Eq. 16 
from this gives Ct”s xi = 4, and subtraction of this from Eq.oO gives 
cy=, xi = 4. 
Let P=(0123456)(78910111213). Then P to any power is an 
automorphism of the design. Therefore, we can restrict the search to the 5 
cases x1=x2=x3=x4=1; x1=x2=x3=xg=1; x1=x2=x3=xg=1; 
x, = x2 = x4 = xg = 1; xi = x2 = x4 = x6. All other solutions will differ from 
these by a power of P. 
Now consider {D(15), 0(28), 0(33)}. Each block in this set has 4 
elements in common with each of the other two. Therefore there are 5 
exactly Sj which contain any two of them. Let y,, m = 0, 1, 2, 3, be the 























































FIG. 2. 21 Compatible S,. 
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This system has the unique solution in non-negative integers (0,6, 15,O) 
and this gives us the inequalities 1 Q x15 + xz8 + xj3 < 2. The same analysis 
applies to all triples {P’(D(15)), P’(D(28)), P’(D(33))) and {P’(L>(15)), 
P’(D(22)), P’(D(29))}, i =O,..., 6, giving 14 inequality couples in all. The 
system of linear diophantine constrains on the xi was found to have 27 
solutions (Fig. 1) for the case x1 = x2 = x3 = xg and none for the other four 
cases. Let X designate this solution set. 
Now consider the set A = {D(l), B(2), D(3), D(6), D(lO)], each of these 
blocks has 3 elements in common with each of the other 4 blocks. Let 
0 (” 0 1 2 3 4 5 6 7 a 910111213) 
1 (" 0789llJKLMNPTUV) 
2 (” 18 91012 G B I J K L Q R S) 
3 (" 2 9101113 D E P G H I M N P) 
4 (" 3101112 7 A B C D E F J K L) 
5 (" 4111213 8 A B C G H I T U V) 
6 (" 51213 7 9 DE F Q R S T U V) 
7 (" 613 7 810 A B C H N P Q R S) 
8 (” 7 0 6 5 3 C E GH I LHS T) 
9 (" 810 6 4 B DE F GJ N RT) 
10 (" 9 210 5 ABC D I LP RU) 
11 (-10 3 2 1 6 A E G K P Q T U V) 
12 (-11 4 3 2 0 B D 11 K I4 Q R S V) 
13 (-12 5 4 3 1 A F B J M N P S U) 
14 (~-13 6 5 4 2 C F I J K L N Q V) 
15 (1 2 478lOCDFGLHSUV) 
16 (2 3 5 8 911 A C D G J N Q S T) 
17 (3 4 6 91012 C D I K M N R T U) 
18 (4 5 0101113 C E G J K P R S U) 
19 (5 6 11112 7 B D G I K N P S V) 
20 (6 0 21213 8 AD E H KLN S U) 
21 (0 1 3 13 7 9AC F G HKN RV) 
22 (2 3 5 7 810 B E H I J N R U V) 
23 (3 4 6 8 911 A E F I L P R S V) 
24 (4 5 0 91012 A B E G L I4 N Q V) 
25 (5 6 1101113 A D H J L M R T V) 
26 (6 0 21112 7 A F G I J M Q R U) 
27 (0 131213 8 C D E I J M P Q V) 
28 (1 2 4 13 7 9 ABE I J KUST) 
29 (0 4 5 7 810 A D P H I K P Q T) 
30 (1 5 6 8 9llBCEFHKMQU) 
31(2 6 0 91012 8 C F H J P S T V) 
32 (3 0 1101113 B F I L N Q S T U) 
33 (4 121112 7 C E Ii L N P Q R T) 
34 (5 2 31213 8 B F G K L M P R T) 
35 (6 3 413 7 9 B D G H J L P Q U) 
FIG. 3. SBIBD(36, 15,6): Derived (15, 36, 14,6, 5); Residual (21, 35, 15. 9, 6). 
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2, , n = 0 ,..., 5, be the number of Sj which contain n of these blocks. Then 
we have the equations 
z,+z,+z,+z,+zq+z5=21 
z2 + 32, + 62, + 10zs = 10 * 6 = 60 
z, + 22, + 32, + 42, + 5z, = 5.12 = 60. 
Now since 1 dx,,+x,,+x,,<2 and 1 dx,,+xzs+x,,<2, z,,=zl =O. 
The system is then seen to have two solutions: (O,O, 6, 12, 3,0) and 
(0, 0,5, 15,0, 1). Inspection of the solutions in X shows that zg = 1 does not 
1 (1 8 9 10 12 18 20 21 24 26 27 29 31 32 36) 
2 (2 9 10 11 13 15 19 21 25 27 28 30 32 33 36) 
3 (31011121415162022262931333436) 
4 (4 8 11 12 13 16 17 21 22 23 27 32 34 35 36) 
5 (5 9 12 13 14 15 17 18 23 24 28 29 33 35 36) 
6 (6 810131416191922242529303436) 
7 (7 8 9 11 14 17 19 20 23 25 26 30 31 35 36) 
8 (1 4 6 7 8 15 19 21 22 26 28 29 33 35 36) 
9 (1 2 5 7 9 15 16 20 22 23 27 29 30 34 36) 
10 (1 2 3 6 10 16 17 21 23 24 28 30 31 35 36) 
11 (2 3 4 7 11 15 17 18 22 24 25 29 31 32 36) 
12 (1 3 4 51216191923252630323336) 
13 (2 4 5 6 13 17 19 20 24 26 27 31 33 34 36) 
14 (3 5 6 71418202125272832343536) 
15 (2 3 5 8 911161819222426272935) 
16 (3 4 6 9 10 12 15 16 17 19 20 25 27 29 35) 
17 (4 5 7 10 11 13 16 20 21 23 24 25 26 29 29) 
18 (1 5 6111214151921222324252731) 
19 (2 6 7 81213151618192023283132) 
20 (1 3 7 91314161719202122243233) 
21 (1 2 4 91014171920222325272933) 
22 (3 4 6 8 911151920212324303334) 
23 (4 5 7 9 10 12 17 18 19 21 22 28 30 31 34) 
24 (1 5 6 10 11 13 15 17 18 20 22 26 30 32 35) 
25 (2 6 7111214161718212627293033) 
26 (1 3 7 81213151724252627283034) 
27 (1 2 4 9 13 14 15 16 19 21 25 26 31 34 35) 
28 (2 3 5 81014151719212326293234) 
29 (1 5 6 8 9 11 16 17 25 28 29 31 32 33 34) 
30 (2 6 7 9 10 12 22 23 24 25 26 32 33 34 35) 
31 (1 3 7101113191923272931333435) 
32 (1 2 4111214192024282930323435) 
33 (2 3 5 81213202122252930313335) 
34 (3 4 6 91314222326272929303132) 
35 (4 5 7 8 10 14 15 16 24 27 30 31 32 33 35) 
36 (1 2 3 4 5 6 7 8 9101112131436) 
FIG. 4. Self-dual (36, 15, 6) with trivial automorphism group. 
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occur, so that every set of 21 Sj must have exactly 3 Sj, each of which has 
4 blocks from A. This only occurs with the 4 blocks D(l), O(2), O(3), 
O(6). Therefore, every set of 21 Sj has exactly 3 solutions from X. Similar 
argument applies to P'A = (P’(D(l)), P'(l)(2)), P'(L)(3)), P'(L)(6)), 
P'(D( lo))}, i = l,..., 6, so that we need 3 solutions from each of Pi(X), i = 
1 ,..., 6. This gives 7. 3 = 21 Sj. 
One such set of 7 triples is given in Fig. 2. Each row has 20 1s. Any two 
distinct rows have 11 1s in common and every column has 12 1s. The con- 
dition on the elements is a result of the constraints on the xi. 
The resulting SBIBD (36, 15,6) is shown in Fig. 3. This design is of 
interest only as the completion of the example. 
1 (1 8 9101218202124262729313236) 
2 (2 9 10 11 13 15 19 21 25 27 28 30 32 33 36) 
3 (31011121415162022262831333436) 
4 (4 811121316172122232732343536) 
5 (5 9 12 13 14 15 17 18 23 24 28 29 33 35 36) 
6 (6 8 10 13 14 16 18 19 22 24 25 29 30 34 36) 
7 (7 8 9 11 14 17 19 20 23 25 26 30 31 35 36) 
8 (1 4 6 7 815192122262E29333536) 
9 (1 2 5 7 9 15 16 20 22 23 27 29 30 34 36) 
10 (1 2 3 61016172123242830313536) 
11 (2 3 4 71115171822242529313236) 
12 (1 3 4 51216181923252630323336) 
13 (2 4 5 6 13 17 19 20 24 26 27 31 33 34 36) 
14 (3 5 6 71418202125272832343536) 
15 (2 3 5 8 911151618192124263435) 
16 (3 4 6 91012151617192025272935) 
17 (4 5 7101113161718202126282930) 
18 (1 5 6111214151718192122273031) 
19 (2 6 7 8 12 13 15 16 18 19 20 23 28 31 32) 
20 (1 3 7 9 13 14 16 17 19 20 21 22 24 32 33) 
21 (1 2 4 8 10 14 15 17 18 20 21 23 25 33 34) 
22 (3 4 6 8 9 11 18 20 22 23 24 27 28 30 33) 
23 (4 5 7 9 10 12 19 21 22 23 24 25 28 31 34) 
24 (1 5 6101113152022232425263235) 
25 (2 6 7111214162123242526272933) 
26 (1 3 7 81213151724252627283034) 
27 (1 2 4 91314161822252627283135) 
28 (2 3 5 81014171922232627282932) 
29 (1 5 6 8 911161725282931323334) 
30 (2 6 7 9 10 12 17 18 22 26 30 32 33 34 35) 
31 (1 3 7 10 11 13 18 19 23 27 29 31 33 34 35) 
32 (1 2 4 11 12 14 19 20 24 28 29 32 34 35) 30 
33 (2 3 5 8 12 13 20 21 22 25 29 30 31 33 35) 
34 (3 4 6 91314152123262930313234) 
35 (4 5 7 8 10 14 15 16 24 27 30 31 32 33 35) 
36 (1 2 3 4 5 6 7 8 9101112131436) 
FIG. 5. Symmetric presentation with I E Block I. 
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In all, four dual pairs and five self-dual SBIBD (36, 156)s can be 
obtained from the starting design. Several of these have trivial 
automorphism group. A self-dual design with this property is shown in 
Fig. 4. Counts on incidences of triples of digits and, dually, triples of blocks 
are used to determine that no non-trivial automophisms are present. 
Finally, the design of Fig. 5 provides a 0, 1 symmetric matrix with all Is 
on the diagonal. Thus the complementary SBIBD (36,21, 12) provides a 
0, 1 symmetric matrix with all OS on the diagonal. 
Note. [ 1 and 21 give many/15417 examples of (36, 15, 6)-designs which 
are derived from two-graphs with trivial automorphism groups; [3] shows 
these designs are all distinct, and it may be that some of them also have 
trivial automorphism group. The example given in this paper was found in 
1969. Publication was delayed by a series of oversights by the journal. 
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